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Flow Analysis and Design of Three-Dimensional
Wind Tunnel Contractions

Yao-xi Su*
Northwestern Polytechnical University, Xian 710072, People's Republic of China

Remarkable progress has been made in the investigation of wind tunnel contractions since the introduction
of numerical analysis. However, until recently, most of the work is concerned with two-dimensional or axisym-
metric contractions. In the present paper a numerical analysis of incompressible potential flow in wind tunnel
contractions with rectangular cross section is conducted. Criteria for the design and performance comparisons
of such contractions are discussed, with emphasis on the representation of three-dimensional effects. Five criteria
are suggested, including pressure extrema, flow nonuniformity, and crpssflow features, which are thought to
be useful in the design pf rectangular contractions. Contours of a single-parameter family are employed to
facilitate the study. Seven geometric parameters are required to define a rectangular contraction. The main
subject of this work is a comparative parametric study in which a systematic investigation of the relation between
the geometric parameters and the design criteria of three-dimensional contractions is attempted.

Nomenclature

A = area of cross section
AR = aspect ratio of cross sections
B = width of contractions
b = half-width
CF — crossflow criterion
CR = contraction ratio
Cp = pressure coefficient
D = square root of cross section area A
H = height of contractions
h = half-height
L = length of contractions
Lt = total length of extended contractions
n — power factor of the polynomials
u - axial velocity
Uw, ur, uc — velocity on the wall, roof, and at the corner
u = criterion for flow nonuniformity
X = match point location of the contours
x, y, z = Cartesian coordinates
£, 77, £ — transformed coordinates
$ - velocity potential ;

Subscripts
r — roof
w = wall
1 = entrance
2 = exit

I. Introduction

T HE contraction nozzle is one of the most important com-
ponents of a wind tunnel which serves to improve flow

uniformity and steadiness and to reduce the turbulence level
in the test section. The flow analysis and design of wind tunnel
contractions have been the subject of many investigations.
However, until recently, most of the work is mainly concerned
with the analytical solution of in viscid flow in the contractions.
Two-dimensional solutions were obtained by conformal
transformation1 or hodograph methods.2'3 Solutions of flow
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in axisymmetric contractions are usually based on power series
solution of the Laplace equation or the Stokes-Beltrami equa-
tion. 4~1Q Although elegant, the analytical solutions are dif-
ficult to use because of the mathematics involved. With little
regard for design criteria and real conditions in wind tunnel
contractions, these solutions are tools of flow analysis, rather
than methods of contraction design. In many of the analytical
investigations, especially for axisymmetric contractions, an
infinite contraction length is assumed. The fact that all con-
tractions are of finite length has important consequences. For
finite length contractions velocity extrema and adverse pres-
sure gradients exist near the ends, giving rise to the possibility
of boundary-layer separation, a most important problem to
be dealt with in contraction design. In connection with these
local velocity extrema in finite length contractions, the exit
velocity profile can never be uniform, another important
problem to be considered in the design.

The problem of designing true finite length contractions
with practical criteria was investigated by Morel11 and
others.12"15 Remarkable progress has been made. However,
nearly all of this research is concerned with two-dimensional
or axisymmetric contractions. In reality, most wind tunnel
contractions are three-dimensional; many of them are of rec-
tangular cross section. Three-dimensionality will cause new
phenomena in contraction flow, such as crossflow and the
aggravation of velocity extrema at the corner. Only a few
works are known to deal with the analysis of three-dimen-
sional contractions.16"18 Each of these works employed a nu-
merical approach based on finite difference forms of the equa-
tions of motion. They differed, however, in grid formation
and method of solution. References 17 and 18 also included
a study of three-dimensional contraction design. The effects
of some geometric parameters on contraction design were
investigated. In the present paper, a numerical analysis of
incompressible potential flow in contractions with rectangular
cross section is conducted. Special attention is directed to a
discussion of design criteria and geometric parameters ap-
propriate for three-dimensional contractions.

JL Numerical Analysis
The flow in a contraction bounded by constant-area sections

upstream and downstream is analyzed, which is called an
"extended contraction." Body-fitted coordinates are used that
transform the flowfield of the extended contraction into a unit
cube in computational space. The flow equation is trans-
formed accordingly and discretized using an approximate fac-
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tprization scheme API. The difference equation is then solved
by the ADI technique. A brief description of the technique
is given in this section.

Assume that flow in the contraction is incompressible and
irrotational, with a velocity potential </> which satisfies La-
place's equation

= 0 (1)

Denoting the total length of the extended contraction Lt,
width B(x) = 2b(x)9 height H(x) = 2h(x), the boundary
conditions are

4>y = ±b'(x)<l>x zty = ±b(x) (2a)

& = ±h'(x)<l>x a tz = ±h(x) (2b)

The conditions at the corner are

y = ±b'(x)<l>x, <t*z = ±h'(x)

at y = ±b(x), z = ±h(x) (2c)

The inclusion of constant-area sections upstream and down-
stream is necessary in the analysis because of the elliptic na-
ture of Eq. (1). It is assumed that both ends of the extended
contraction are sufficiently far to justify the inlet and outlet
conditions:

<HO, y, z) = 0 (3a)
(f>(Lt, y, z) = K (3b)

implying that crossflow velocity components are equal to zero
there. Here K. is a constant controlling the total flux which
can be set equal to one without loss of generality. Numerical
tests were made for choosing the minimum length of parallel
sections. Denoting the contraction length by L, then 0.5 L is
chosen for the upstream section and 0.2 L for the downstream.
The errors of velocity calculations are within 1% compared
to the results of longer sections. Because of symmetry, only
the regions of y > 0 and z > 0 need to be calculated, and the
condition on the planes of symmetry is that the normal ve-
locities there are equal to zero.

Introducing body-fitted coordinates (£, 77, £) with the def-
inition

x = Ltf, y = b(x)7i, z = h(x)£ (4)

the flowfield of the extended contraction is then transformed
into a unit cube

0 < f < 1, 0 < TJ < 1, 0 < f < 1 (5)

and the flow equation becomes

Au<l>& + A22$^ + A33(f>a + Al2cf)^ + Al3(f)^

+ A23ct>^ + A2^ + A3^ = 0 (6)

The coefficients An, and so forth can be obtained easily from
the geometric relations (4).

Denoting Af, AT/, Af as steps in three space directions, and
A? as a step of iteration time, and defining

(7)f , ( / - l )AT7,(£-

the difference equation has the form

8f A"ik

where Ag* = <p^1 - (tyk9 a is a constant controlling the con-
vergence, 8€€, 5^, 8£f are operators of second-order centered
differences, and L is the difference operator of Eq. (6). In
the computations cf)"^1 are calculated from <$jk using Eqs. (8)
and (3); then the values of </> on the lateral boundary are
corrected making use of boundary conditions (2).

A grid of 51 x 10 x 10 points is used. The results are
found insensitive to a further increase of grid points. No nu-
merical instability has been experienced in the computations.
For the present study, high accuracy is not emphasized; typ-
ically convergence is accepted with a residual error of
Aymax of about 10-4.

III. Criteria of Rectangular Contraction Design
Morel has suggested three criteria for the design of axisym-

metric contractions, namely Cply Cp2, and Z72, defined as

^mm

U,

Cp2 = 1 -

u2 =
U2

(9a)

(9b)

(9c)

For contractions with contours of a one-parameter, matched-
cubic family, he found that the adverse pressure gradients are
a function of the Cps only and that the exit nonuniformity
u2 is related uniquely to Cp2. Hence, only two criteria are
needed, i.e., Cpl and T12.

For three-dimensional contractions the problem of criteria
is more complicated. First, there is no simple criterion (such
as Stratford's) for three-dimensional boundary-layer separa-
tion prediction. Second, crossflow is a new factor that may
cause undesirable boundary-layer thickening or separation,
and it is not very clear how to describe this effect quantita-
tively. Finally, there is one more geometric dimension that
will cause complications. Because of these, some empiricism
is unavoidable in the design of three-dimensional contractions
at the present time. To some extent one still has to rely on
the methods and experiences of axisymmetric contraction de-
sign. Here a number of criteria are suggested that are thought
to be useful in the design of rectangular contractions, partic-
ularly from a comparative point of view.

1) Undershoot near entrance of Cp2—For rectangular con-
tractions three Cp (instead of only one) can be defined, i.e.,
those on the roof, wall, and corner. However, the undershoot
at the corner is always a maximum. In the discussion below
only Cpl defined at the corner is considered, but in some
eases Cpl on the roof and wall may also be discussed.

2) Overshoot near exit of Cp2—It is found from the com-
putation that in most cases velocity overshoot on the roof and
the wall are negligible or simply nonexistent. Hence, Cp2 is
always defined at the corner.

3) Nonuniformity at exit ofu2—For rectangular nozzles the
maximum velocity at the exit cross section is always at the
corner and the minimum at the center. u2 is always larger
than its counterpart for axisymmetric nozzles.

4) Nonuniformity at entrance ofTij—This is a measure of
upstream influence of the contraction, which may be of im-
portance in some cases, e.g., for the design of turbulence
managing devices in a settling chamber or for wind tunnels
with tandem test sections. It is thus included as a criterion.

5) Crossflow criterion CF—Crossflow criteria on the wall
and roof are defined as

(8)
and CFr = (10)
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where uwy ur, and uc are velocities on the wall, roof, and at
the corner in one and the same section, and CFW and CFr are
the maximum values of all sections. Of these two values the
larger one is defined as the overall crossflow criterion CF of
the contraction. It is thought that CFis a measure of crossflow
strength in the boundary layer, with the numerator repre-
senting the lateral pressure difference, and the denominator
proportional to the kinetic energy of the local boundary-layer
flow.

IV. Comparative Parameter Study
For axisymmetric contractions of a one-parameter family

contour, three parameters are sufficient to define the ge-
ometry, i.e., the area ratio CR, the relative length LID^ and
the contour parameter, e.g., the match point location X for
a cubic family contour.11 In the present study the concept of
one-parameter family contours is also adopted. The investi-
gation is restricted to the contours of matched curves of the
form:

F =
1 -

I -

Xn-l

(1 -

0 < x/L < X
(11)

(1 -

where F stands for (H - H^H, - H2) or (B - B2)/
(Bl - B2). For such contractions there appear to be seven
parameters, namely CR; L/D^ aspect ratios at the entrance
and exit, AR1 and AR2; contour match point of the wall and
the roof; Xw and Xr\ and the power factor n. The influence
of these parameters on the flow and on the design criteria of
the contraction are examined below. When one parameter is
varied, the rest will take default values if not otherwise stated,
namely CR = 9; L/D, = 0.833; ARl = AR2 = 1; Xw =
Xr = 0.5; and n = 3.

A. Length L/Z>,
The effect of LIDl is shown in Figs. 1 and 2. The range of

variation is from 0.4 to 2.0. As L/D1 increases, pressure gra-
dients, uniformity, and crossflow features are all improved,
as expected from the results of axisymmetric studies. How-
ever, the values of Cpl9 Cp2, ul9 and u2 are higher now com-
pared to their counterparts for axisymmetric nozzles due to
the corner effect. If the same Cp values are required for
rectangular and axisymmetric contractions, the computations
show that an increase of the length by 20-25% is needed for
rectangular configurations. Figure 2 shows how the contrac-
tion length affects the corner velocity distributions and their
extrema, illustrating the physical background of the results in
Fig. 1. Logarithmic scale is employed for corner velocity uc.
Vertical variation in the plot is d(\og uc), i.e., dujuc, which
weighs the effect of velocity variation more appropriately,
particularly for the undershoots.

B. Shape Parameter X (for Xw = Xr)
Here Xw and Xr are assumed equal and denoted with a

single notation X. Figures 3 and 4 show the effect of its var-
iation, ranging from 0.2 to 0.8. An increase of X will improve
(i.e., reduce) the criteria of the entrance, Cp1 and ul9 and
degrade (i.e., increase) the criteria of the exit, Cp2 and u2.
However, it has only a minor effect on the crossflow condition
CF. In contraction design, X is a parameter to be optimized
for the best compromise of entrance and exit conditions as it
is for axisymmetric nozzles.

C. Contraction Ratio CR
In the present study the value of CR was varied from 3 to

30. A decrease of CR has an effect similar to an increase of
X, namely improving the entrance condition and worsening
the exit condition (see Figs. 5 and 6). If Xis properly adjusted
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Fig. 1 Effect of length LIDl on the design criteria.
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Fig. 2 Effect of LID^ on velocity distributions at the corner.
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Fig. 3 Effect of parameter X on the design criteria.
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4 Effect of X on velocity distributions at the corner.
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Fig. 5 Effect of contraction area ratio CR on the design criteria.
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Fig. 6 Effect of C/? on velocity distributions at the corner.
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Table 1 Effect of CR on the choice of length LIDl 1 0 r U r / U l
Case CR

1.0

Cpi 0.8
<

Ui
0.6

0.4

0.2

0.31-

Cp2

0. 1

1.0h

CF 0.8

0.4

0.2

0

CPl Cp2 CF
1
2
3
4

9
12
12
12

0.50
0.53
0.56
0.50

0.7227
0.7184
0.7021
0.7374

0.1158
0.1041
0.1095
0.0987

0.0439
0.0420
0.0469
0.0379

0.5954
0.6053
0.6042
0.6075

CP1
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-e————e————e

U2
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Fig. 7 Effect of section aspect ratio AR on the design criteria.

with increasing CR, it is found possible to reduce Cpl and
Cp2 simultaneously (see Table 1, case 1 vs case 2). That means
that if Cp1 and Cp2 are held fixed, the required length L/Dl
can be reduced with increasing CR, a seemingly surprising
result alreadyjpointed out by Morel for axisymmetric nozzles.
However, if u2 is chosen as an exit criterion for comparison
instead of Q?2, this result may be changed (see Table 1, case
1 vs case 3). In any case, CR has only a weak influence on
the length L/Dl. CR is also shown to affect the crossflow only
weakly.
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Fig. 8 Effect of AR on velocity distributions on the wall (Uw) and on
the roof (Ur).

D. Aspect Ratio AR (for ARl = AR2)
Here AR 1 and AR2 are assumed equal and denoted with

a single notation AR. In this study, flows in contractions with
AR from 1 to 2.5 are calculated, ranging from a square cross
section to a rather narrow one at both the exit and entrance.
An examination of the computational results reveals that:

1) The increase of AR will enhance the pressure gradients
and nonuniformities at the corner, but, rather unexpected,
only to a very limited degree, as can be seen in Fig. 7.

2) As AR increases, the velocity extrema on the wall (wide
side) will first decrease and then vanish completely, while on
the roof (narrow side) they will increase gradually toward the
value at the corner (see Fig. 8). This implies that the flow in
the contraction will become more and more two-dimensional-
like as AR increases. A sketch of isobars on the surface of
the rectangular nozzle with AR = landAR = 2.5 is presented
in Fig. 9, illustrating the effect of AR on flow in the contrac-
tion.

3) The most important effect of AR is on the crossflow
intensity. CFgoes up evidently as AR increases (see Fig. 7).

E. Aspect Ratio ARl ± AR2
There exists the opinion that in designing three-dimensional

contractions one should maintain cross section similarity so
as to prevent the flow from "distortion." In the present study
two groups of contractions with ARl ^ AR2 were calcu-
lated. The first has ARl = 2.5 with varying ARl, i.e., a fixed
narrow test section (as in a two-dimensional wind tunnel)
joined with settling chambers of various aspect ratio. It is
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b)

Fig. 9 Isobars on contraction surfaces, a) AR = 1; b) AR = 2.5.

interesting to find that flow conditions improve steadily as
ARl changes from 2.5 to 1. The case of ARl = I (i.e., the
poorest section similarity) gives the most favorable pressure
gradients and flow uniformities, and good crossflow feature
particularly (see Fig. 10).

The second group has contractions with ARl = 1 and vary-
ing AR2, i.e., a fixed square settling chamber connected with
test sections of various aspect ratio. The results are somewhat
surprising. It is found that as AR2 increases, which means
degrading both geometric symmetry and sectional similarity,
the pressure gradients and nonuniformities are reduced slightly,
rather than increased (see Fig. 11). Among them, the con-
traction with ARl = AR2 = 1, i.e., square cross section with
perfect geometric symmetry and similarity, turns out to have
the worst values of Cp and u, while the one with ARl = 1
and AR2 = 2.5 gives the best of them. However, the situation
is different if crossflow criteria are examined; the square con-
traction is still the best in this respect.

This investigation seems to suggest that contractions with
cross section similarity actually have no special advantages.
For narrow test sections this is perhaps the worst possible
configuration. The results also suggest that a square cross
section seems to be a good choice for the settling chamber
no matter what the test section geometry may be.

F. Shape Parameter Xw ± Xr
Here the effect of Xw ^ Xr is examined. The results in

Table 2 show that for Xw/Xr = 0.5/0.3 the values of Cp and
u are something between those of 0.3/0.3 and 0.5/0.5, and the
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0 I———I———I———I———I———I

1.0 1.5 2.0

C RR2 = 2.5 )
2 - 5 RRl

Fig. 10 Effect of varying ARl (AR2 = 2.5).

criteria for 0.5/0.7 are between 0.5/0.5 and 0.7/0.7. This is all
reasonable. It should be noted that the criteria mentioned
above are all related to the corner. In fact, the influence of
the Xw/Xr difference is mainly demonstrated in the augmen-
tation of the velocity difference between the roof and the
wall, usually leading to an increase of the crossflow criterion.
Figure 12 shows the velocity distribution along the roof and
the wall for different values of Xw/Xr. Evidently the roof/
wall difference is augmented by the increase of the Xw/Xr
difference.

There might be the possibility of achieving optimization by
sophisticated compromise of different values for ARl, AR2,
and Xw, Xr', however, in common practice it seems safer to
choose the same value for Xr and Xw so as to avoid excessive
crossflow.

G. Contour Power Factor n
Contraction contours of higher power are characterized by

very smooth variations near the ends, whereas drastic area
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Table 2 Effect of Xw/Xr difference
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Fig. 11 Effect of varying AR2 (ARl = 1.0).

variations occur inside the nozzle. To see the effect of these
geometric features, contours for n from 4 to 9 are calculated
and compared with a cubic contour. It is found that overshoot
and undershoot are enhanced for contours of higher power,
whereas the locations of their occurrence move inward (see
Fig. 13). It is thought that these flow features are consistent
with the geometry, namely the drastic contour variation inside
the nozzle. Higher values of the Cp and a longer distance
from the ends would have opposite effects on the flow uni-
formity. It turns out by computation that distance is the dom-
inating factor. In all other figures above, an increase^f Cp
is always accompanied by an increase of nonuniformity u, and
vice versa. This situation is reversed in Fig. 14. In particular,
the flow uniformity at the exit is improved significantly for
higher power contours. This is shown strikingly in the u2 plot
of Fig. 14. The crossflow property is found to become poorer
as power factor n is increased.

Case Xw Xr Cp2 CF
1
2
3
4
5

0.3
0.5
0.7
0.5
0.5

0.3
0.5
0.7
0.3
0.7

0.8389
0.7227
0.6028
0.7748
0.6624

0.0668
0.1158
0.1835
0.0972
0.1488

0.0192
0.0439
0.0961
0.0344
0.0710

0.6967
0.5958
0.5811
0.7329
0.7300

0
-0.4 0.4 0.8 1 - 2 X / L

Fig. 12 Different velocity distributions along the roof and the wall
for contractions of Xw ^ Xr.

In contraction design, the criteria of most importance are
Cpl and u2. The above discussion indicates that contours of
higher power are beneficial for the aft part of the nozzle but
unfavorable for the fore section. It seems advantageous to
have contraction contours matched with a cubic fore part and
a higher power aft part (e.g., n = 7). Computation of flow
in such a contraction was conducted. It is shown (see Table 3)
that the attraction has much better exit uniformity, while
Cpl and Wj and crossflow criteria are nearly unchanged com-
pared to those of the cubic contour.
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Table 3 Comparison of different contraction contours

-0.4 0,8 1 - 2 X / L

Fig. 13 Effect of contour power factor n on velocity distributions at
the corner.
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Fig. 14 Effect of n on the design criteria.

Case CPl Cp2 CF
1
2
3

3
7
3/7

0.7227
0.9251
0.7282

0.1158
0.1129
0.1414

0.0439
0.0035
0.0107

0.5958
0.7175
0.6162

V. Conclusions
A numerical analysis of incompressible potential flow in

rectangular contractions has been conducted. Criteria for the
design of the contractions have been suggested and discussed.
Comparative parametric studies have been carried out in which
the influences of various parameters are examined. The re-
sults indicate the following:

1) The effects of CR, L/Dly and X on criteria Cp and sec-
tional nonuniformity u are similar qualitatively, but stronger
quantitatively due to the corner effect, compared to those of
axisymmetric contractions. Increasing L/Dl improves the
crossflow condition effectively, while CR and X have only
limited influences on the crossflow.

2) An increase of cross section aspect ratio AR will reduce
the velocity extrema on the wall axis (the wide side) and
increase those on the roof axis, whereas the velocity extrema
at the corner are only increased slightly. The flow in the
contraction will become more two-dimensional-like, and the
crossflow intensity (on the wall) will increase significantly.

3) There seems to be no advantage of designing contractions
with cross section similarity. This is perhaps the worst possible
geometry for two-dimensional wind tunnels with narrow test
sections. Square cross section seems to be a good choice for
settling chambers no matter what the test section geometry
may be.

4) Different values of Xw and Xr are not recommended
because the velocity differences between the wall and the roof
will be augmented, and stronger crossflow may result.

5) Contours of higher power n will improve the flow uni-
formity u at the end sections, in spite of causing stronger
pressure gradients. This is good for the aft part of the nozzle
but unfavorable for the fore. A family of contours with cubic
fore parts matched with higher power aft parts is suggested.
The contours are shown to perform favorably both at the
entrance and at the exit.
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